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It is shown that the Wahlquist metric, which is a stationary, axially symmetric perfect fluid
solution with ρ+3p = const, admits a rank-2 generalized closed conformal Killing-Yano tensor with
a skew-symmetric torsion. Taking advantage of the presence of such a tensor, we obtain a higher-
dimensional generalization of the Wahlquist metric in arbitrary dimensions, including a family of
vacuum black hole solutions with spherical horizon topology such as Schwarzschild-Tangherlini,
Myers-Perry and higher-dimensional Kerr-NUT-(A)dS metrics and a family of static, spherically
symmetric perfect fluid solutions in higher dimensions.
PACS numbers: 02.40.Ky, 04.20.Jb, 04.50.Gh
I. INTRODUCTION
Since the discovery of the Kerr metric which describes
rotating black holes in a vacuum, its geometry has been
investigated from the viewpoint of classifying spacetimes
to understand what are the most fundamental properties
of the Kerr spacetime. A number of studies for the pur-
pose have been conducted in various systematical frame-
works (e.g., see [1]), and we have obtained a common
understanding as to the Kerr spacetime to date: station-
ary, axially symmetric, asymptotically flat, Petrov type
D vacuum solution of the vanishing of the Simon tensor,
admitting a rank-2 Killing-Sta¨ckel (KS) tensor of Segre
type [(11)(11)] constructed from a (nondegenerate) rank-
2 Killing-Yano (KY) tensor.
The Wahlquist metric [2–6] investigated in this paper
was found in the study of stationary, axially symmetric
perfect fluid spacetimes. As we succeeded in obtaining
interior solutions of static, spherically symmetric stars
joined to the Schwarzschild vacuum spacetime, it has
been thought that the interior of rotating bodies can be
described by stationary, axially symmetric perfect fluid
solutions. Although it was shown that the Wahlquist
metric cannot be smoothly matched to an asymptotically
flat vacuum spacetime [7], the metric is still of great in-
terest because it allows some interesting geometric char-
acterizations. It was pointed out [3] that the Wahlquist
metric is the general solution of stationary, rigidly rotat-
ing perfect fluids with the vanishing Simon tensor. It was
also demonstrated [4] that the metric is the general solu-
tion of Petrov type D, stationary, axially symmetric and
rigidly rotating perfect fluids with ρ + 3p = const. Fur-
thermore, the Wahlquist metric is known to be included
∗ hinoue@sci.osaka-cu.ac.jp
† houri@rikkyo.ac.jp
‡ cristina.rugina11@imperial.ac.uk
§ yasui@sci.osaka-cu.ac.jp
in the class of metrics admitting a rank-2 KS tensor of
Segre type [(11)(11)] which possesses two double noncon-
stant eigenvalues [8, 9].
The Wahlquist spacetime inherits some geometric
properties of the Kerr spacetime. This seems to be rea-
sonable because the Kerr metric is obtained as the lim-
iting case of the Wahlquist metric [2, 6]. In the Kerr
spacetime, two Killing vectors and KS tensor are con-
structed from a single rank-2 KY tensor. It is also shown
that the Kerr metric is the only asymptotically flat vac-
uum solution admitting a rank-2 KY tensor [10]. This
implies that the presence of the KY tensor is essential to
characterize the Kerr spacetime. Nevertheless, Killing-
Yano symmetry of the Wahlquist spacetime has never
been investigated. In this paper, therefore, we first ask
whether the Wahlquist metric admits Killing-Yano sym-
metry. Actually, as we will see in Sec. II, we find a rank-
2 generalized closed conformal Killing-Yano (GCCKY)
tensor with torsion [11] for the Wahlquist metric.
In recent years, it has been unveiled that Killing-Yano
symmetry plays an important role in higher-dimensional
rotating black hole spacetimes. A family of vacuum solu-
tions describing rotating black holes with spherical hori-
zon topology [12–15] admits a rank-2 closed conformal
Killing-Yano (CCKY) tensor [16–18]. Recently, local
metrics admitting a rank-2 GCCKY tensor were clas-
sified into three types (called type A, B and C) in ar-
bitrary dimensions [19]. Some supergravity black hole
solutions in higher dimensions are included in type A
of the classification [11, 20]. In this paper, by employ-
ing the classification, we attempt to obtain a new family
of rotating perfect fluid solutions which generalizes the
Wahlquist solution to higher dimensions. On the other
hand, there have been static, spherically symmetric per-
fect fluid solutions in higher dimensions [21–24]. The
solutions obtained in this paper cover, in the static limit,
the static, spherically symmetric perfect fluid solutions
with ρ+ 3p = const.
The paper is organized as follows. In Sec. II, after we
2briefly review the Wahlquist solution, we demonstrate
that the Wahlquist metric admits a rank-2 GCCKY ten-
sor with a skew-symmetric torsion. With respect to such
a tensor, in Sec. III, we generalize the Wahlquist solution
in four dimensions to higher-dimensional ones by solving
the Einstein equations for perfect fluids in all even and
odd dimensions, respectively. We see that the equations
of state for the higher-dimensional Wahlquist solutions
are given by ρ+3p = const in all dimensions. In Sec. IV,
we investigate the separability of the Hamilton-Jacobi
for geodesics, Klein-Gordon and Dirac equations in all
dimensions. Finally, Sec. V is devoted to summary and
discussion. After we review the geometry of the four-
dimensional Wahlquist spacetime in Appendix A, we dis-
cuss the five-dimensional Wahlquist metric in Appendix
B. In Appendix C, we have collected the curvature quan-
tities of the higher-dimensional Wahlquist metrics. As a
result, it is shown that the metrics are of type D in the
higher-dimensional Petrov classification [25].
II. KILLING-YANO SYMMETRY OF THE
WAHLQUIST SPACETIME
To investigate Killing-Yano symmetry of the Wahlquist
metric in four dimensions [2–6], we begin with the metric
form that appeared in [6], which is written in a local
coordinate system (z, w, τ, σ) as
ds2 = (v1 + v2)
(
dz2
U
+
dw2
V
)
(1)
+
U
v1 + v2
(dτ + v2dσ)
2 − V
v1 + v2
(dτ − v1dσ)2 ,
where
U = Q0 + a1
sinh(2βz)
2β
− ν0 cosh(2βz)− 1
2β2
−µ0
β2
[
cosh(2βz)− 1
2β2
− z sinh(2βz)
2β
]
,
V = Q0 + a2
sin(2βw)
2β
+ ν0
1− cos(2βw)
2β2
(2)
+
µ0
β2
[
1− cos(2βw)
2β2
− w sin(2βw)
2β
]
,
and
v1 =
cosh(2βz)− 1
2β2
, v2 =
1− cos(2βw)
2β2
. (3)
The metric contains six real constants Q0, a1, a2, ν0,
µ0 and β. Since one of them can be eliminated by co-
ordinate transformation, only five of the constants are
independent. As was shown in [2, 6], one can take the
limit β → 0, in which the metric reduces to the Kerr-
NUT-(A)dS metric [26] (see Appendix A for details).
The Wahlquist metric provides the stress-energy tensor
for perfect fluids of the energy density ρ, pressure p and
4-velocity u with uµu
µ = −1, which is written as
T µν = (ρ+ p)uµuν + pgµν . (4)
The 4-velocity is given by
uµ
∂
∂xµ
=
1√−gττ
∂
∂τ
, (5)
where gττ = (U−V )/(v1+v2). When we consider station-
ary, axially symmetric spacetimes, we have two Killing
vector fields ∂t and ∂φ. If u lies on the 2-plane spanned
by the two Killing vector fields, then u can be written as
u = N(∂t + Ω∂φ) where N and Ω are functions in gen-
eral. In particular, when Ω is constant, the perfect fluid is
said to be rigidly rotating. Namely, the Wahlquist solu-
tion represents rigidly rotating perfect fluids. The energy
density and pressure are given by
ρ = −µ0 − 3β2gττ , p = µ0 + β2gττ . (6)
Thus, the equation of state is ρ+3p = 2µ0. Since we have
ρ+ p = 0 and p = µ0 in the limit β → 0, the constant µ0
is the cosmological constant.
A. Generalized Killing-Yano symmetry
It is known that the Kerr metric admits separation
of variables in the Hamilton-Jacobi for geodesics, Klein-
Gordon and Dirac equations. The separability is due to
the presence of a rank-2 KY tensor. In four dimensions,
the Hodge dual of the KY tensor is a rank-2 CCKY tensor
h [27] satisfying
∇ahbc = gabξc − gacξb , (7)
where ∇ is the Levi-Civita` connection. From (7), the
associated vector ξ is obtained as
ξa =
1
3
∇bhba . (8)
Namely, the Kerr metric admits a rank-2 CCKY tensor.
The Wahlquist metric partially shares the separability
of the Kerr metric: the Hamilton-Jaocbi for geodesics
and Klein-Gordon equations separate, but the Dirac
equation does not. Since the Kerr metric is obtained as a
particular limit of the Wahlquist metric [2, 6], it is natu-
ral to ask the Wahlquist metric to admit a rank-2 CCKY
tensor. However, it is shown that such a tensor does
not exist in the Wahlquist spacetime. Instead, we find
a rank-2 GCCKY tensor h [11], with a skew-symmetric
torsion T satisfying
∇Ta hbc = gabξc − gacξb , (9)
where∇T is the connection with the skew-symmetric tor-
sion defined by
∇Ta hbc = ∇ahbc +
1
2
Tab
dhcd − 1
2
Tac
dhbd . (10)
The associated vector ξ is given by
ξa =
1
3
∇T bhba . (11)
3If a rank-2 GCCKY tensor is obtained, we may ex-
pect that a modified Dirac equation with 1/3 torsion
separates [28]. In fact, the modified Dirac equation of
the Wahlquist metric does. Thus, the GCCKY tensor
underpins the separability on the Hamilton-Jacobi for
geodesics, Klein-Gordon and modified Dirac equations
of the Wahlquist metric (see Sec. IV for details).
Going through the following steps, we demonstrate
that the Wahlquist metric (1) admits a rank-2 GCCKY
tensor. To see it, we first introduce the coordinates x
and y defined by
x2 = v1 , y
2 = v2 , (12)
and hence
dz2 =
dx2
β2x2 + 1
, dw2 =
dy2
1− β2y2 . (13)
The metric is then written as
ds2 =
x2 + y2
U(1 + β2x2)
dx2 +
x2 + y2
V (1− β2y2)dy
2 (14)
+
U
x2 + y2
(dτ + y2dσ)2 − V
x2 + y2
(dτ − x2dσ)2
with the functions
U = Q0 + a1x
√
1 + β2x2 − ν0x2
−µ0
β2
[
x2 − xArcsinh(βx)
√
1 + β2x2
β
]
,
V = Q0 + a2y
√
1− β2y2 + ν0y2 (15)
+
µ0
β2
[
y2 − yArcsin(βy)
√
1− β2y2
β
]
.
Furthermore, taking the Wick rotation y → √−1y (with
a2 → −
√−1a2 to keep the metric function V real) and
changing the sign σ → −σ, we obtain the Euclidean ex-
pression, in which the metric takes a symmetric form
with respect to the coordinates (x, y) as
ds2E =
f1(x
2 − y2)
Ξ1
dx2 +
f2(y
2 − x2)
Ξ2
dy2 (16)
+
Ξ1
x2 − y2 (dτ + y
2dσ)2 +
Ξ2
y2 − x2 (dτ + x
2dσ)2 ,
where
f1 =
1√
1 + β2x2
, f2 =
1√
1 + β2y2
,
Ξ1 = Q0 + a1x
√
1 + β2x2 − ν0x2
−µ0
β2
[
x2 − xArcsinh(βx)
√
1 + β2x2
β
]
, (17)
Ξ2 = Q0 + a2y
√
1 + β2y2 − ν0y2
−µ0
β2
[
y2 − yArcsinh(βy)
√
1 + β2y2
β
]
.
The form of the metric (16) precisely fits into type A of
the classification in [19]; that is, the Wahlquist spacetime
admits a rank-2 GCCKY tensor. In fact, if we introduce
an orthonormal frame
e1 = f1
√
x2 − y2
Ξ1
dx , e2 = f2
√
y2 − x2
Ξ2
dy ,
e1ˆ =
√
Ξ1
x2 − y2 (dτ + y
2dσ) , (18)
e2ˆ =
√
Ξ2
y2 − x2 (dτ + x
2dσ) ,
the rank-2 GCCKY tensor is given by
h = xe1 ∧ e1ˆ + y e2 ∧ e2ˆ (19)
with the skew-symmetric torsion
T =
2x(f1 − f2)
f1f2(x2 − y2)
√
Ξ2
y2 − x2 e
1 ∧ e1ˆ ∧ e2ˆ
+
2y(f2 − f1)
f1f2(y2 − x2)
√
Ξ1
x2 − y2 e
2 ∧ e2ˆ ∧ e1ˆ . (20)
The torsion vanishes when we take the limit β → 0. This
suggests that the torsion is related to the perfect fluid,
although the physical meaning of the torsion is unclear.
III. GENERAL WAHLQUIST METRICS IN
HIGHER DIMENSIONS
We have seen that the Wahlquist metric (1) admits a
rank-2 GCCKY tensor and its Euclidean form precisely
fits into type A of the classification [19]. Hence, it seems
to be reasonable to consider a higher-dimensional gen-
eralization of the Wahlquist metric. In this section, we
attempt to solve the Einstein equations for perfect fluids
in higher dimensions by employing, as an ansatz, type A
metrics in [19].
We slightly change our notation to deal with higher-
dimensional metrics in both even and odd dimensions
simultaneously. We introduce ε where ε = 0 for even
and ε = 1 for odd dimensions. The dimension number is
denoted by D = 2n + ε. The Latin indices a, b, . . . run
from 1 to D, and the Greece indices µ, ν, . . . run from 1
to n.
The form of type A metrics in D dimensions which we
deal with as an ansatz is given by
g(D) =
n∑
µ=1
f2µ
Pµ
dx2µ +
n∑
µ=1
Pµ
(
n−1∑
k=0
A(k)µ dψk
)2
+εS
(
n∑
k=0
A(k)dψk
)2
, (21)
4where
Pµ =
Ξµ
Uµ
, Uµ =
∏
ν 6=µ
(x2µ − x2ν) ,
S =
s20
A(n)
, fµ =
1√
1 + β2x2µ
. (22)
The functions A
(k)
µ (k = 0, . . . , n − 1) and A(k) (k =
0, . . . , n) are kth order elementary symmetric functions
in {x21, x22, . . . , x2n} defined by
n−1∑
k=0
A(k)µ t
k =
∏
ν 6=µ
(1 + tx2ν) ,
n∑
k=0
A(k)tk =
n∏
ν=1
(1 + tx2ν) . (23)
The metric contains unknown functions Ξµ(xµ) depend-
ing only on single valuable xµ, and in odd dimensions
a constant s0. The form of the metric (21) is not the
most general form of type A metrics, but it is enough to
construct a perfect fluid solution for the current purpose.
Of course, it leaves a question whether there exist more
general solutions of type A.
A. Tower of generalized Killing-Yano tensors
If a rank-2 GCCKY tensor is obtained in D = 2n+ ε
dimensions, we can construct [D/2] = n conserved quan-
tities for geodesic motion [20]. In addition, the com-
plete integrability of the Hamilton-Jacobi equation for
geodesics can be guaranteed if the metric admits a high
enough number of commuting Killing vectors [31].
For the metric (21), we introduce an orthonormal
frame as
eµ =
fµ√
Pµ
dxµ , eµˆ =
√
Pµ
n−1∑
k=0
A(k)µ dψk ,
e0 =
√
S
n∑
k=0
A(k)dψk . (24)
Then, the rank-2 GCCKY tensor is given by
h =
n∑
µ=1
xµ e
µ ∧ eµˆ (25)
with the torsion
T =
∑
µ6=ν
2xµ
√
Pν(fµ − fν)
fµfν(x2µ − x2ν)
eµ ∧ eµˆ ∧ eνˆ
+ε
n∑
µ=1
2
√
S
xµ
(
λ− 1
fµ
)
eµ ∧ eµˆ ∧ e0 , (26)
where λ is an arbitrary nonzero function which appears
only in odd dimensions. The ambiguity of λ cannot be
excluded by the GCCKY equation (9), e.g., see [19]. It
also has nothing to do with Einstein equations. Even if
we impose an Einstein equation, it determines the func-
tions Ξµ and fµ, but λ is still arbitrary.
From the property that the wedge product of GCCKY
tensors is a GCCKY tensor, h(j) = h ∧ h · · · ∧ h is a
rank-2j GCCKY tensor. The Hodge dual f (j) = ∗h(j) is
a rank-(D − 2j) generalized KY tensor, and its square,
K
(j)
ab = cjf
(j)
ac1···cD−2j−1f
(j)
b
c1···cD−2j−1 becomes a rank-
2 KS tensor satisfying ∇(aKbc) = 0, where cj is constant.
For an appropriate choice for cj , the KS tensors are writ-
ten in the form
K(j) =
n∑
µ=1
A(j)µ (e
µ ⊗ eµ + eµˆ ⊗ eµˆ)
+ εA(j)e0 ⊗ e0 , (27)
where j = 0, 1, . . . , n − 1. In particular, K(0) = g(D).
Thus, contracting with the tangent p = γ˙ to geodesics
γ, we obtain n = [D/2] conserved quantities κ(j) =
K(j)abpapb for j = 0, . . . , n − 1, including the Hamil-
tonian κ(0) = H . In addition, since η(k) = ∂ψk for
k = 0, . . . , n − 1 + ε are Killing vector fields, we have
n + ε conserved quantities κ˜(k) = η(k)apa. The all con-
served quantities {κ(j), κ˜(k)} are in involution.
B. Even dimensions
In this section, we determine the unknown functions
Ξµ(xµ) using the Einstein equations for perfect fluids in
even dimensions. The metric ansatz in 2n dimensions is
given by
g(2n) =
n∑
µ=1
f2µ
Pµ
dx2µ +
n∑
µ=1
Pµ
(
n−1∑
k=0
A(k)µ dψk
)2
. (28)
For the metric, we calculate the Ricci curvature (see Ap-
pendix B for details). The off-diagonal components of
the Ricci curvature are
Rµµˆ = Rµν = Rµνˆ = 0 ,
Rµˆνˆ = β
2(D − 2)
√
Pµ
√
Pν . (29)
The diagonal components are
Rµµ = Iµ(PT ) + β
2
[
Iµ(P
(2)
T ) +
3
2
xµ∂µPT + PT
]
,
Rµˆµˆ = Rµµ + β
2(D − 2)Pµ , (30)
where
PT =
n∑
µ=1
Pµ , P
(2)
T =
n∑
µ=1
x2µPµ (31)
and Iµ are differential operators given by
Iµ = −1
2
∂2
∂x2µ
+
1
x2µ − x2ν
(
xµ
∂
∂xµ
− xν ∂
∂xν
)
. (32)
5It should be emphasized that our metric ansatz is now
expressed with a Euclidean signature, so that we have to
consider the Euclideanized Einstein equation for perfect
fluids,
Rab − 1
2
Rgab = −(ρ+ p)uaub + pgab , (33)
where uaua = 1. Eliminating the scalar curvature, we
obtain the Einstein equation in a convenient form
Rab = −(ρ+ p)uaub + ρ− p
D − 2gab . (34)
Moreover, to solve the equation, we assume that perfect
fluids are rigidly rotating; that is, the velocity u is writ-
ten as u = N∂ψ0 where N is the normalization function.
Since we have N = 1/
√
PT from u
aua = 1, the velocity
is given in the canonical frame as
u =
1√
PT
n∑
µ=1
√
Pµeµˆ . (35)
Under the assumption, together with (29) and (30), the
Einstein equation to solve reduces to
ρ− p
D − 2 = R11 = R22 = · · · = Rnn , (36)
ρ+ p
D − 2 = −β
2PT . (37)
To solve Eq. (36), we notice that the µµ components
of the Ricci curvature, Rµµ, can be written in a simple
form. Calculating Rµµ in terms of the functions Ξµ and
their derivatives Ξ′µ and Ξ
′′
µ, we obtain
Rµµ = − 1
2xµ

GµUµ −
∑
ν 6=µ
2xµ
x2µ − x2ν
[
Fµ
Uµ
+
Fν
Uν
]

−2β2PT , (38)
where
Gµ = xµ(1 + β
2x2µ)Ξ
′′
µ + β
2x2µΞ
′
µ − 4β2xµΞµ , (39)
Fµ = xµ(1 + β
2x2µ)Ξ
′
µ − (1 + 2β2x2µ)Ξµ . (40)
Noticing that Gµ = F
′
µ and that
∂FT
∂xµ
=
F ′µ
Uµ
−
∑
ν 6=µ
2xµ
x2µ − x2ν
[
Fµ
Uµ
+
Fν
Uν
]
, (41)
where
FT =
n∑
ρ=1
Fρ
Uρ
, (42)
we obtain the following expressions for Rµµ:
Rµµ = − 1
2xµ
∂FT
∂xµ
− 2β2PT . (43)
Using the expression, Rµµ −Rνν = 0 implies that[
1
xµ
∂
∂xµ
− 1
xν
∂
∂xν
]
FT = 0 . (44)
This can be solved by FT = FT (ξ) where FT (ξ) is an
arbitrary function of ξ =
∑n
µ=1 x
2
µ. Substituting it into
(42) and differentiating by ∂x1∂x2 · · ·∂xn both sides of
the equation multiplied by the factor
∏
µ6=ν(x
2
µ−x2ν), we
arrive at the condition F
(n)
T (ξ) = 0, which implies that
FT (ξ) is an (n−1)th order polynomial in ξ. Furthermore,
going back to (42) again and comparing the coefficients of
the equation, we find that FT must be a linear function.
Namely, to be consistent with (42), the function must
be chosen as FT (ξ) = C1ξ + C2 where C1 and C2 are
constants. Then, using the identities
n∑
µ=1
x2jµ
Uµ
= 0 , (j = 0, . . . , n− 2) (45)
n∑
µ=1
x
2(n−1)
µ
Uµ
= 1 ,
n∑
µ=1
x2nµ
Uµ
=
n∑
µ=1
x2µ , (46)
we obtain
Fµ =
n∑
k=0
c2kx
2k
µ , (47)
where c2k (k = 0, 1, . . . , n) are constants with C1 = c2n
and C2 = c2(n−1). In the end, using (40) and (47), the
problem of solving the Einstein equation (33) has been
reduced to that of solving first-order ordinary differential
equations for Ξµ,
Ξ′µ −
1 + 2β2x2µ
xµ(1 + β2x2µ)
Ξµ −
∑n
k=0 c2kx
2k
µ
xµ(1 + β2x2µ)
= 0 . (48)
The general solution is
Ξµ =
n∑
k=0
c2kφ2k(xµ) + aµxµ
√
1 + β2x2µ , (49)
where aµ are integral constants, φ0(x) ≡ −1 and φ2k(x)
(k = 1, 2, . . . ) are given by
φ2k(x) = x
√
1 + β2x2
∫ x
0
t2(k−1)dt
(1 + β2t2)3/2
. (50)
Note that, for instance, we have
φ2(x) = x
2 ,
φ4(x) = − x
β2
(
x− Arcsinh(βx)
√
1 + β2x2
β
)
,
φ6(x) =
3x
2β4
(
x+
β2
3
x3 − Arcsinh(βx)
√
1 + β2x2
β
)
,
φ8(x) = −15x
8β6
(
x+
β2
3
x3 − 2β
4
15
x5 (51)
−Arcsinh(βx)
√
1 + β2x2
β
)
, . . . .
6The solution contains parameters c2k (k = 0, . . . , n), aµ
(µ = 1, . . . , n) and β.
In four dimensions, for µ = 1, 2, we obtain
Ξµ = −c0 + c2x2µ + aµxµ
√
1 + β2x2µ (52)
−c4xµ
β2

xµ − Arcsinh(βxµ)
√
1 + β2x2µ
β

 .
The form coincides with the Wahlquist solution.
In the limit β → 0, we have φ2k → x2k/(2k − 1). The
functions Ξµ take the form
Ξµ =
n∑
k=0
c˜2kx
2k
µ + aµxµ , (53)
where c˜2k = c2k/(2k−1). This is the same form as Kerr-
NUT-(A)dS metrics in 2n dimensions found by Chen-Lu¨-
Pope [15].
Finally, let us comment about the equation of state.
From (36), (37), (43) and (47), we have
2ρ
D − 2 = −c2n − 3β
2PT ,
2p
D − 2 = c2n + β
2PT . (54)
Hence, the equation of state is ρ+ 3p = (D − 2)c2n.
C. Odd dimensions
Let us consider odd dimensionsD = 2n+1. The metric
ansatz in 2n+ 1 dimensions is given by
g(2n+1) =
n∑
µ=1
f2µ
Pµ
dx2µ +
n∑
µ=1
Pµ
(
n−1∑
k=0
A(k)µ dψk
)2
+S
(
n∑
k=0
A(k)dψk
)2
(55)
with unknown functions Ξµ. The off-diagonal compo-
nents of the Ricci curvature are given by
Rµν = Rµνˆ = Rµµˆ = Rµ0 = 0 ,
Rµˆνˆ = β
2(D − 2)
√
Pµ
√
Pν , (56)
Rµˆ0 = β
2(D − 2)√Pµ√S .
The diagonal components are
Rµµ = Iµ(P˜T ) + β
2
[
Iµ(P˜
(2)
T ) +
3
2
xµ∂µP˜T + P˜T
]
− 1
2xµ
∂
∂xµ
(
P˜T + β
2P˜
(2)
T
)
,
Rµˆµˆ = Rµµ + β
2(D − 2)Pµ , (57)
R00 = −
n∑
µ=1
1
xµ
∂
∂xµ
(
P˜T + β
2P˜
(2)
T
)
+ β2P˜T
+β2(D − 2)S ,
where
P˜T =
n∑
µ=1
P˜µ = PT +S, P˜
(2)
T =
n∑
µ=1
x2µP˜µ = P
(2)
T (58)
and
P˜µ =
Ξ˜µ
Uµ
, Ξ˜µ = Ξµ − (−1)n s
2
0
x2µ
. (59)
We assume that the velocity u lies in the plane of the
Killing vectors
u =
1√
P˜T
(
n∑
µ=1
√
Pµeµˆ +
√
Se0
)
. (60)
The equation reduces to
ρ− p
D − 2 = R11 = R22 = · · · = Rnn , (61)
ρ+ p
D − 2 = −β
2P˜T , (62)
and for all µ,
R00 = Rµµ + β
2(D − 2)S . (63)
Similar to even dimensions, we find from the direct
calculation that the µµ and 00 components of the Ricci
curvature can be written in the simple form
Rµµ = − 1
2xµ
∂F˜T
∂xµ
− 2β2P˜T , (64)
R00 = −
n∑
µ=1
F˜µ
x2µUµ
− 2β2P˜T + β2(D − 2)S , (65)
where
F˜T =
n∑
µ=1
F˜µ
Uµ
(66)
and
F˜µ = xµ(1 + β
2x2µ)Ξ˜
′
µ − β2x2µΞ˜µ . (67)
As was discussed in even dimensions [cf. (47)], Eq. (61)
requires that F˜µ take the form
F˜µ =
n∑
k=0
c2kx
2k
µ . (68)
Indeed, by virtue of (64) and (65), we easily see that
(68) together with c0 = 0 solves (61) and (63). From
the equality of (67) and (68), we obtain the first-order
ordinary differential equations
Ξ˜′µ −
β2xµ
1 + β2x2µ
Ξ˜µ −
∑n
k=1 c2kx
2k−1
µ
1 + β2x2µ
= 0 . (69)
7The general solution is
Ξ˜µ =
n∑
k=1
c2kφ˜2k(xµ) + aµ
√
1 + β2x2µ , (70)
where aµ are integral constants and φ˜2k (k = 1, 2, . . . )
are given by
φ˜2k(x) =
√
1 + β2x2
∫ x
0
t2k−1dt
(1 + β2t2)3/2
. (71)
Note that, for instance, we have
φ˜2(x) = − 1
β2
(
1−
√
1 + β2x2
)
,
φ˜4(x) =
2
β4
(
1 +
β2
2
x2 −
√
1 + β2x2
)
,
φ˜6(x) = − 8
3β6
(
1 +
β2
2
x2 − β
4
8
x4 −
√
1 + β2x2
)
,
φ˜8(x) =
16
5β8
(
1 +
β2
2
x2 − β
4
8
x4 +
β6
16
x6 (72)
−
√
1 + β2x2
)
, . . . .
Thus, we obtain
Ξµ =
n∑
k=1
c2kφ˜2k(xµ) + aµ
√
1 + β2x2µ +
(−1)ns20
x2µ
. (73)
The solution contains parameters c2k (k = 1, . . . , n), aµ
(µ = 1, . . . , n), k and β.
In five dimensions, for µ = 1, 2, we have
Ξµ = − c2
β2
(
1−
√
1 + β2x2
)
+ aµ
√
1 + β2x2µ +
s20
x2µ
+
2c4
β4
(
1 +
β2
2
x2 −
√
1 + β2x2
)
. (74)
In the limit β → 0, we have φ2k → x2k/2k. The func-
tions Ξµ take the form
Ξµ =
n∑
k=1
c˜2kx
2k
µ + aµ +
(−1)ns20
x2µ
, (75)
where c˜2k = c2k/2k. The form reproduces Kerr-NUT-
(A)dS metrics in 2n+ 1 dimensions [15].
Since we have
2ρ
D − 2 = −c2n − 3β
2P˜T ,
2p
D − 2 = c2n + β
2P˜T , (76)
the equation of state is ρ+3p = (D− 2)c2n like the even
dimensional case.
IV. SEPARABILITY
We investigate the separability of the Hamilton-Jacobi
for geodesics, Klein-Gordon and Dirac equations for the
higher-dimensional Wahlquist metrics (21), where we do
not specify the functions Ξµ to deal with more general
cases. If we choose a particular form of the functions as
(49) in even dimensions and (73) in odd dimensions, the
results can be applied to those of the Wahlquist metrics.
In this section, we will see that the Hamilton-Jacobi for
geodesics and Klein-Gordon equations can be solved by
separation of variables, but we will not see the separation
of variables in the Dirac equation in any dimension. It
is also shown that in even dimensions, a modified Dirac
equation with 1/3 torsion [28] can be solved by separation
of variables, while it can not in odd dimensions.
A. Separation of variables in the Hamilton-Jacobi
equation for geodesics
The separation of variables in Hamilton-Jacobi equa-
tions for geodesics occurs if and only if the metric admits
the separability structure established in [31], in which
the corresponding Killing tensors can be written in the
Sta¨ckel form
Kµµ(j) = φ¯
µ
(j) , K
kℓ
(j) =
n∑
µ=1
ζkℓ(µ)φ¯
µ
(j) , (77)
where φ¯µ(j) is the inverse matrix of the Sta¨ckel matrix and
ζkℓ(µ) are functions depending only on one variable xµ.
The Killing tensors K(j) (j = 0, 1, . . . , n− 1) obtained
in (27) are written in the coordinate basis as
K(j) =
n∑
µ=1
Kµµ(j) ∂xµ ⊗ ∂xµ +
n−1+ε∑
k,ℓ=0
Kkℓ(j) ∂ψk ⊗ ∂ψℓ
=
n∑
µ=1
A
(j)
µ
Uµ
[
Ξµ
f2µ
∂xµ ⊗ ∂xµ +
ε(−1)n+1
s20x
2
µ
∂ψn ⊗ ∂ψn
+
n−1+ε∑
k,ℓ=0
(−1)k+ℓx2(2n−2−k−ℓ)µ
Ξµ
∂ψk ⊗ ∂ψℓ
]
.
The Sta¨ckel matrix and the functions ζkℓ(µ) are given by
φ(j)µ =
(−1)jx2(n−j−1)µ f2µ
Ξµ
, (78)
ζkℓ(µ) =
(−1)k+ℓf2µx2(2n−2−k−ℓ)µ
Ξ2µ
+
ε(−1)n+1f2µ
s20x
2
µΞµ
δkℓδkn .
In practice, the Hamiltonian-Jacobi equation for
geodesics,
∂S
∂λ
+ gab
∂S
∂xa
∂S
∂xb
= 0 , (79)
allows an additive separation of variables
S = −κ0λ+
n∑
µ=1
Sµ(xµ) +
n−1+ε∑
k=0
nkψk, (80)
8where κ0 and nk are constants. The functions Sµ (µ =
1, . . . , n) are given by
Sµ(xµ) =
∫ n−1∑
j=0
φ(j)µ κi −
n−1+ε∑
k,ℓ=0
ζkℓ(µ)nknℓ


1/2
dxµ.
(81)
In the limit β → 0, this recovers the result for the Kerr-
NUT-(A)dS metrics [29, 30].
B. Separation of variables in the Klein-Gordon
equation
The massive scalar field Φ is described by the Klein-
Gordon equation
1√
g
∂
∂xa
√
ggab
∂Φ
∂xb
= m2Φ (82)
This equation allows a multiplicative separation of vari-
ables
Φ =
n∏
µ=1
Rµ(xµ)
n−1+ε∏
k=0
einkψk , (83)
where the functions Rµ(xµ) (µ = 1, . . . , n) satisfy the
ordinary second order differential equations
R′′µ +
(
Ξ
′
µ
Ξµ
− f
′
µ
fµ
+
ε
xµ
)
R′µ
+

n−1∑
j=0
φ(j)µ κj −
n−1+ε∑
k,ℓ=0
ζkℓ(µ)nknℓ

Rµ = 0 (84)
with κ0 = −m2. In the limit β → 0, this recovers the
result for the Kerr-NUT-(A)dS metrics [29, 30].
C. Separation of variables in the Dirac equation
The existence of a GCCKY 2-form does not imply the
separability of the Dirac equation. However, we may ex-
pect the separability of a modified Dirac equation which
appears in the spacetimes admitting the GCCKY,
(γaDT/3a +m)Ψ = 0, (85)
where the Dirac operator has a 1/3 torsion, T/3, of the
GCCKY 2-form,
DT/3a = ea +
1
4
γbγcωbc(ea)− 1
24
γbγcTabc . (86)
The frame vector fields dual to (24) are given by
eµ =
√
Pµ
fµ
∂
∂xµ
, e0 =
√
S
s20
∂
∂ψn
,
eµˆ =
n−1+ε∑
k=0
(−1)kx2(n−1+k)µ√
PµUµ
∂
∂ψk
. (87)
By using (C1) and (26), the Dirac operator γaD
T/3
a is
explicitly written as
n∑
µ=1
√
Pµ
fµ
[
γµ

 ∂
∂xµ
+
Ξ′µ
4Ξµ
+
ε
2xµ
+
1
2
∑
ν 6=µ
xµ
x2µ − x2ν


+γµˆ

n−1+ε∑
k=0
(−1)kx2(n−1+k)µ fµ
Ξµ
∂
∂ψk
+
∑
ν 6=µ
xνγ
νγ νˆ
2(x2µ − x2ν)

]
+εγ0
√
S
[
1
s20
∂
∂ψn
− 1
4
n∑
µ=1
(
λ
xµ
+
1
fµxµ
)
γµγµˆ
]
. (88)
The expression leads to the separation of variables in even
dimensions. The calculation is completely parallel to that
of [32]. We write the 2n components of the spinor field
as Ψε1ε2···εn(εµ = ±1). Putting the separation solution
Ψε1ε2···εn =

 ∏
1≤µ<ν≤n
1√
xµ + εµενxν

 Ψˆε1ε2···εn ,
(89)
where
Ψˆε1ε2···εn =
(
n∏
µ=1
χ(µ)εµ (xµ)
)
exp
(
i
n−1+ε∑
k=0
nkψk
)
(90)
the modified Dirac equation becomes
n∑
µ=1
P
(µ)
εµ∏
ν 6=µ(εµxµ − ενxν)
+m (91)
+
iεk∏n
ρ=1 ερxρ
(
nn
s20
− 1
4
n∑
µ=1
(
λ
εµxµ
+
1
εµxµfµ
))
= 0 ,
where
P (µ)εµ = (−1)µ−1(εµ)n−µ
√
(−1)µ−1Ξµ
fµχ
(µ)
εµ
×
(
d
dxµ
+
Ξ
′
µ
4Ξµ
+
ε
2xµ
+ εµYµ
)
χ
(µ)
−εµ , (92)
Yµ =
n−1+ε∑
k=0
(−1)kfµx2(n−1+k)µ
Ξµ
nk . (93)
Note that P
(µ)
εµ depends only on the one variable xµ.
In even dimensions (ε = 0), Eq. (91) reduces to
n∑
µ=1
P
(µ)
εµ∏
ν 6=µ(εµxµ − ενxν)
+m = 0 . (94)
The equation separates when
P (µ)εµ =
n−1∑
j=0
qj(εµxµ)
j , (95)
9where qj (j = 0, . . . , n − 2) are arbitrary constants and
qn−1 = −m. Indeed, combining (92) with (95), we have
the following coupled ordinary differential equations:(
d
dxµ
+
Ξ
′
µ
4Ξµ
+
ε
2xµ
+ εµYµ
)
χ
(µ)
−εµ (96)
+
(−1)µ(εµ)n−µfµ
∑n−1
j=0 qj(εµxµ)
j√
(−1)µ−1Ξµ
χ(µ)εµ = 0 .
In odd dimensions, we cannot separate (91) because of
the last terms including the function λ. For the Kerr-
NUT-(A)dS metrics in odd dimensions, since we have
fµ = 1 for all µ, we are able to take λ = 1 and then Eq.
(91) can be solved by separation of variables [32].
V. SUMMARY AND DISCUSSION
In Sec. II, we have discovered a rank-2 GCCKY tensor
with a skew-symmetric torsion for the Wahlquist metric
(1) which is a stationary, axially symmetric perfect fluid
solution of the Einstein equation in four dimensions with
ρ + 3p = const. In Sec. III, we have obtained station-
ary, axially symmetric perfect fluid solutions in higher
dimensions, where we have made use of canonical forms
of metrics admitting a rank-2 GCCKY tensor and have
directly solved the higher-dimensional Einstein equations
in higher dimensions. The exact solutions obtained gen-
eralize the Wahlquist metric in four dimensions to all
even dimensions (28) and odd ones (55), for which the
equations of state are always given by ρ+3p = const. As
far as we know, they are the first examples of rotating
perfect fluid solutions in higher dimensions.
We could solve the Einstein equations for perfect flu-
ids due to the presence of a rank-2 GCCKY tensor. In
this sense, if we find another solution admitting a rank-2
GCCKY tensor in four dimensions, it might be possible
to generalize it to higher dimensions. When we solved
the Einstein equations, as an ansatz, we have focused on
type A metrics admitting a rank-2 GCCKY tensor, but it
would be of great interest to investigate the other types
of metrics (called type B and type C [19]). Since we have
assumed a particular case of type A metrics, it might
be possible to find other perfect fluid solutions of type
A even in four dimensions. Another thing we assumed
is that perfect fluids are rigidly rotating, so it would be
worth asking whether the assumption can be relaxed.
In Sec. IV, we have investigated the separability of the
Hamilton-Jacobi for geodesics, Klein-Gordon and (both
standard and modified) Dirac equations for the obtained
higher-dimensional perfect fluid solutions. In four di-
mensions, the Wahlquist metric shares the similar sep-
arability to the Kerr metric. The Hamilton-Jacobi for
geodesics, Klein-Gordon and modified Dirac equation
with a 1/3 torsion equations can be solved by separa-
tion of variables. We have seen that the Hamilton-Jacobi
for geodesics and Klein-Gordon equations separate also
in higher dimensions, which is responsible for the rank-
2 GCCKY tensor. Although the Dirac equation does
not separate in arbitrary dimensions, the modified Dirac
with 1/3 torsion equation does only in even dimensions.
In odd dimensions, there is an obstruction. Even for any
choice of the function λ in (26), the modified Dirac equa-
tion does not separate.
Since the equations of state are given by ρ+3p = const,
the present situation seems to be unrealistic for compress-
ible fluids. Even so, it would be interesting to consider
whether the obtained solutions describe the interiors of
rotating stars and (not necessarily smoothly) connect
to vacuum spacetimes. For instance, when we take the
static limit of the Wahlquist solution, we obtain static,
spherically symmetric perfect fluid solution (A8). Then,
it is possible to match the metric to the Schwarzschild
metric, as was discussed in 4 [2, 37]. In higher dimen-
sions, for static, spherically symmetric perfect fluid so-
lutions with ρ = const. [21, 23] and p = −ρ [24], the
similar matching conditions were discussed, where the
metrics are joined to the Schwarzschild-Tangherlini met-
rics in arbitrary dimensions.
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Appendix A: Particular limits of the Wahlquist
spacetime in four dimensions
It is known that as the particular limits, many known
solutions can be included in the Wahlquist metric in
four dimensions [2–6]. We review the relationship here,
again. A detailed explanation can be found also in [39].
The metric (14) is written in a local coordinate system
(r, p, τ, σ) as
ds2 = − Q
r2 + p2
(dτ + p2dσ)2 +
P
r2 + p2
(dτ − r2dσ)2
+
r2 + p2
Q(1− β2r2)dr
2 +
r2 + p2
P(1 + β2p2)dp
2 (A1)
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with the functions
Q = Q0 + a2r
√
1− β2r2 + ν0r2
+
µ0
β2
[
r2 − rArcsin(βr)
√
1− β2r2
β
]
, (A2)
P = Q0 + a1p
√
1 + β2p2 − ν0p2
−µ0
β2
[
p2 − pArcsinh(βp)
√
1 + β2p2
β
]
. (A3)
The parameters are Q0, ν0, a1, a2, µ0 and β. Of them,
the only five parameters are independent, which corre-
spond to mass, rotation, NUT, cosmological constant,
the perfect fuild’s parameters.
1. Kerr-NUT-(A)dS limit
Let us consider the metric (A1) with β = 0. In the
limit β → 0, we have
Arcsin(βr)
√
1− β2r2 = βr − β
3r3
3
+ · · · ,
Arcsinh(βp)
√
1 + β2p2 = βp+
β3p3
3
+ · · · .
Hence, the metric becomes
ds2 = − Q
r2 + p2
(dτ + p2dσ)2 +
P
r2 + p2
(dτ − r2dσ)2
+
r2 + p2
Q dr
2 +
r2 + p2
P dp
2 , (A4)
where
Q = Q0 + a2r + ν0r2 − µ0
3
r4 , (A5)
P = Q0 + a1p− ν0p2 − µ0
3
p4 . (A6)
The form was investigated first by Carter [26], which is
called the Kerr-NUT-(A)dS metric. This is also a partic-
ular case of Plebanski [33] and Plebanski-Demianski [34]
metrics. Recently, the geometric characterization was
investigated in [35]. For the physical meaning of the pa-
rameters, e.g., see [36].
2. Static limit
It is possible to take the static limit of the Wahlquist
metric (A1), as was pointed out in [2, 6]. If we perform
the coordinate transformation p = a cos θ, τ = t − aφ
and σ = φ/a and then send a→ 0 (with Q0 = a2Q˜0 and
a1 = aa˜1), the metric becomes
ds2 = −f(r)dt2 + dr
2
(1− β2r2)f(r) + r
2dΩ2 , (A7)
where dΩ2 is a two-dimensional metric with the constant
curvature ν0 and
f(r) = ν0 +
a2
√
1− β2r2
r
+
µ0
β2
[
1− Arcsin(βr)
√
1− β2r
βr
]
. (A8)
If we take ν0 > 0, it is the Whittaker metric [37] which
is a static, spherically symmetric perfect fluid solution
describing an interior of Schwarzschild spacetime.
Appendix B: Special cases of the Wahlquist metric
in five dimensions
In this appendix, we would like to discuss special cases
of the higher-dimensional Wahlquist metrics obtained in
Sec. III, especially in five dimensions. Before doing so, for
the metric (55) with the functions (74) in five dimensions,
we perform the Wick rotation x = ir. Then, the metric
is written as
ds25 =
r2 + y2
(1− β2r2)Ξ1 dr
2 +
r2 + y2
(1 + β2y2)Ξ2
dy2 (B1)
− Ξ1
r2 + y2
w21 +
Ξ2
r2 + y2
w22 −
s20
r2y2
w23 ,
where
w1 = dψ0 + y
2dψ1 , w2 = dψ0 − r2dψ1 ,
w3 = dψ0 + (y
2 − r2)dψ1 − r2y2dψ2 . (B2)
The functions Ξµ are given by
Ξ1 =
2c4
β4
(
1− β
2
2
r2 −
√
1− β2r2
)
− s
2
0
r2
− c2
β2
(
1−
√
1− β2r2
)
+ a1
√
1− β2r2 ,
Ξ2 =
2c4
β4
(
1 +
β2
2
y2 −
√
1 + β2y2
)
+
s20
y2
(B3)
− c2
β2
(
1−
√
1 + β2y2
)
+ a2
√
1 + β2y2 .
1. Kerr-(A)dS metric
Taking β = 0 leads to the vacuum solution, in which
the energy density and pressure of the perfect fluid vanish
and the metric takes the form obtained by Chen-Lu¨-Pope
[15], which was previously obtained in [13, 14].
2. Rotating perfect fluids with equal angular
momenta
It is shown [14] that when all angular momenta are set
to equal in odd dimensions D = 2n + 1, Myers-Perry-
(A)dS metrics can be recast in a simpler form, in which
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the Hopf fibrations over CPn−1 appear in the metrics.
For instance, the Hopf fibration over CP1 ∼= S2 appears
in 5 dimensions. It is realized from the viewpoint of
Killing-Yano symmetry that the eigenvalues of Killing-
Yano tensors change from functions to constants (from
nondegenerate to degenerate). Actually, if we start with
a metric ansatz admitting a degenerate CCKY 2-form,
we obtain a vacuum solution including the Myers-Perry-
(A)dS metrics with equal angular momenta [30, 38]. In
analogy with it, it is possible to consider a metric ansatz
admitting a degenerate GCCKY 2-form and then, as is
expected, we obtain a stationary, axially symmetric per-
fect fluid solution. The metric in five dimensions is writ-
ten in a local coordinate system (t, r, θ, φ, ψ) as
ds25 = −f(r)
(
dt+
a
2λ
σ3
)2
+
1 + β2a2
(1− β2r2)f(r)dr
2
+
k2
r2
(
adt+
r2 + a2
2λ
σ3
)2
+
r2 + a2
4λ
dΩ2S2 ,
(B4)
where dΩ2S2 is the standard metric on the two-
dimensional unit sphere S2, and σ3 is the 1-form such
that dσ3 is the Ka¨hler form of dΩ
2
S2 . The function f(r)
is given by
f(r) =
1
r2 + a2
[
k2a2
(
a2
r2
+ 3
)
− 2M
√
1− β2r2
+
2k2 + c2a
2
β2
(
1−
√
1− β2r2
)
+
2c2
β4
(
1− β
2
2
r2 −
√
1− β2r2
)]
, (B5)
where
λ =
(4 + 3β2a2)k2 − c2a2
4(1 + β2a2)
. (B6)
The metric contains five parameters M , a, c2, k and β.
The velocity of the perfect fluid is u = 1/
√−gtt ∂t. The
enegery density and pressure are
ρ = −3(3β
2gtt + c2)
2(1 + β2a2)
, p =
3(β2gtt + c2)
2(1 + β2a2)
, (B7)
where gtt = −f(r) + k2a2/r2. The equation of state is
given by
ρ+ 3p =
3c2
1 + β2a2
. (B8)
3. Static limit
The static limit of the metric (B4) is given by a = 0.
Then, since we have k2 = λ, the metric is written as
ds25 = −f(r)dt2 +
dr2
(1− β2r2)f(r) +
r2
λ
dΩ23 , (B9)
where dΩ23 is the standard metric on the unit sphere S
3
and the function f(r) is given by
f(r) =
2λ
β2r2
(
1−
√
1− β2r2
)
− 2M
√
1− β2r2
r2
+
2c2
β4r2
(
1− β
2
2
r2 −
√
1− β2r2
)
. (B10)
As a consequence, the static metric becomes spherically
symmetric.
Appendix C: Curvature quantities of the
higher-dimensional Wahlquist metrics
By using the tetrad method, this appendix calculates
the curvature quantities for the tetrad (24) of the higher-
dimensional metrics (21). In what follows, the indices µ
and ν are different and no sum.
From the first structure equation dea + ωab ∧ eb = 0
and ωba = −ωab, the connection 1-forms are calculated
as follows:
ωµν = − xν
√
Pν
fν(x2µ − x2ν)
eµ − xµ
√
Pµ
fµ(x2µ − x2ν)
eν ,
ωµµˆ = −
∂µ
√
Pµ
fµ
eµˆ +
∑
ν 6=µ
xµ
√
Pν
fµ(x2µ − x2ν)
eνˆ
+
ε
√
S
fµxµ
e0 ,
ωµνˆ =
xµ
√
Pν
fµ(x2µ − x2ν)
eµˆ − xµ
√
Pµ
fµ(x2µ − x2ν)
eνˆ ,
ωµˆνˆ = − xµ
√
Pν
fµ(x2µ − x2ν)
eµ − xν
√
Pµ
fν(x2µ − x2ν)
eν ,
ωµ0 =
√
S
fµxµ
eµˆ −
√
Pµ
fµxµ
e0 ,
ωµˆ0 = −
√
S
fµxµ
eµ . (C1)
From the second structure equation Rab = dω
a
b +
12
ωac∧ωcb, the curvature 2-forms are calculated as follows:
Rµν = R
µ
νµν e
µ ∧ eν +Rµνµˆνˆ eµˆ ∧ eνˆ ,
Rµµˆ = R
µ
µˆµµˆ e
µ ∧ eµˆ +
∑
ν 6=µ
Rµµˆννˆ e
ν ∧ eνˆ
+β2
∑
ν 6=µ
√
Pµ
√
Pν e
µ ∧ eνˆ
+εβ2
√
Pµ
√
S eµ ∧ e0,
Rµνˆ = R
µ
νˆµνˆ e
µ ∧ eνˆ +Rµνˆνµˆ eν ∧ eµˆ
+β2
√
Pµ
√
Pν e
µ ∧ eµˆ
+β2
∑
ρ6=µ,ν
√
Pν
√
Pρ e
µ ∧ eρˆ
+εβ2
√
Pν
√
S eµ ∧ e0,
Rµˆνˆ = R
µˆ
νˆµν e
µ ∧ eν +Rµˆνˆµˆνˆ eµˆ ∧ eνˆ
+β2
∑
ρ6=µ,ν
√
Pν
√
Pρ e
µˆ ∧ eρˆ
−β2
∑
ρ6=µ,ν
√
Pµ
√
Pρ e
νˆ ∧ eρˆ
+εβ2
√
Pν
√
S eµˆ ∧ e0
−εβ2
√
Pµ
√
S eνˆ ∧ e0,
Rµ0 = R
µ
0µ0 e
µ ∧ e0 + β2√Pµ√S eµ ∧ eµˆ
+β2
∑
ν 6=µ
√
Pν
√
S eµ ∧ eνˆ ,
Rµˆ0 = R
µˆ
0µˆ0 e
µˆ ∧ e0 + β2
∑
ν 6=µ
√
Pν
√
S eµˆ ∧ eνˆ
+β2
∑
ν 6=µ
√
Pµ
√
Pν e
νˆ ∧ e0, (C2)
The components of the curvature 2-forms are given by
Rµνµν = − 1
2(x2µ − x2ν)
(
xµ∂µP˜T − xν∂ν P˜T
)
,
− β
2
2(x2µ − x2ν)
(
xµ∂µP˜
(2)
T − xν∂νP˜ (2)T
)
,
Rµνµˆνˆ = − 1
2fµfν(x2µ − x2ν)
(
xν∂µP˜T − xµ∂ν P˜T
)
,
Rµµˆµµˆ = −1
2
∂2µP˜T −
β2
2
∂2µP˜
(2)
T +
3β2
2
xµ∂µP˜T + β
2Pµ,
Rµ0µ0 = − 1
2xµ
(∂µP˜T + β
2∂µP˜
(2)
T ) + β
2S (C3)
and
Rµˆνµˆν = Rµνµν + β
2Pµ ,
Rµˆνˆµˆνˆ = Rµνµν + β
2(Pµ + Pν) ,
Rµµˆννˆ = 2Rµνµˆνˆ , Rµνˆνµˆ = Rµνµˆνˆ , (C4)
Rµˆ0µˆ0 = Rµ0µ0 + β
2Pµ .
The functions P˜T and P˜
(2)
T are defined by
P˜T =
n∑
µ=1
Pµ + εS, P˜
(2)
T =
n∑
µ=1
x2µPµ. (C5)
In [40], it was shown that the higher-dimensional Kerr-
NUT-(A)dS metrics are of type D in all dimensions. This
motivates us to ask if the higher-dimensional Wahlquist
metrics obtained in Sec. III are also of type D, because
the Kerr-NUT-(A)dS metrics are obtained as the limit
of the Wahlquist metrics. To see it, since we need to
prepare a null orthonormal frame {k, l, eα} such that
k is a Weyl aligned null direction, we define it for the
higher-dimensional Wahlquist metrics in the way similar
to higher-dimensional Kerr-NUT-(A)dS metrics. Using
the orthonormal frame (87), for a fixed number µ, we
define
k =
1√
2Pµ
(eµ +
√−1eµˆ) , (C6)
l =
√
Pµ√
2
(eµ −
√−1eµˆ) . (C7)
By definition, this frame yields (α 6= β)
(k,k) = (l, l) = 0 , (k, l) = 1 ,
(k, eα) = (l, eα) = (eα, eβ) = 0 . (C8)
We also have ∇kk = 0, which means that the integral
curve of k is a geodesic. It is easy to see that the Weyl
curvature yields the type D condition [25]
W (k, eα, eβ, eγ) =W (l, eα, eβ , eγ) = 0 ,
W (k, eα,k, eα) =W (l, eα, l, eα) = 0 ,
W (k, l,k, eα) =W (k, l, l, eα) = 0 . (C9)
We thus find that the higher-dimensional Wahlquist met-
rics are of type D in all dimensions.
[1] H. Stephani, D. Kramer, M. Maccallum, C. Hoense-
laers and E. Herlt, Exact Solutions to Einstein’s Field
Equations (Cambridge University Press, Cambridge, UK,
2003), 2nd ed.
[2] H. D. Wahlquist, Phys. Rev., 172 (1968) 1291.
[3] D. Kramer, Class. Quant. Grav., 2 (1985) L135-L139.
[4] J. M. M. Senovilla, Phys. Lett., A123 (1987) 211-214.
[5] H. D. Wahlquist, J. Math. Phys., 33 (1992) 304-335; Er-
ratum 33 (1992) 3255.
[6] M. Mars, Phys. Rev., D63 (2001) 064022.
[7] M. Bradley, G. Fodor, M. Marklund and Z. Perje´s, Class.
Quant. Grav., 17 (2000) 351-359.
[8] I. Hauser and R. J. Malhiot, J. Math. Phys., 17 (1976)
1306.
13
[9] I. Hauser and R. J. Malhiot, J. Math. Phys., 19 (1978)
187.
[10] W. Dietz and R. Ru¨diger, Proc. R. Soc. Lond. Ser A, 381
(1982) 315-322.
[11] D. Kubiznˇa´k, H. Kunduri and Y. Yasui, Phys. Lett.,
B678 (2009) 240-245.
[12] R. C. Myers and M. J. Perry, Ann. Phys., 172 (1986)
304-347.
[13] S. W. Hawking, C. J. Hunter and M. M. Taylor-Robinson,
Phys. Rev., D59 (1999) 064005.
[14] G. W. Gibbons, H. Lu, D. N. Page and C. N. Pope, Phys.
Rev. Lett., 93 (2004) 171102.
[15] W. Chen, H. Lu¨ and C. N. Pope, Class. Quant. Grav.,
23 (2006) 5323.
[16] T. Houri, T. Oota and Y. Yasui, Phys. Lett., B656
(2007) 214-216.
[17] P. Krtous, V. P. Frolov and D. Kubiznˇa´k, Phys. Rev.,
D78 (2008) 064022.
[18] T. Houri, T. Oota and Y. Yasui, Class. Quant. Grav., 26
(2009) 045015.
[19] T. Houri, D. Kubiznˇa´k, C. W. Warnick and Y. Yasui,
Class. Quant. Grav., 29 (2012) 165001.
[20] T. Houri, D. Kubiznˇa´k, C. M. Warnick and Y. Yasui,
JHEP07 (2010) 055.
[21] K. D. Krori, P. Borgohain and K. Das, Phy. Lett., A132
(1988) 321-323.
[22] J. P. de Leon and N. Cruz, Gen. Rel. Grav., 32 (2000)
1207-1216.
[23] C. A. D. Zarro, Class. Quant. Grav., 26 (2009) 035021.
[24] Y. Shen and Z. Tan, Phys. Lett., A142 (1989) 341-343.
[25] A. Coley, R. Milson, V. Pravda and A. Pravdova, Class.
Quant. Grav., 21 (2004) L35-L42.
[26] B. Carter, Commun. Math. Phys., 10 (1968) 280-310.
[27] S. Tachibana, Tohoku Math. J., 21 (1969) 56-64.
[28] T. Houri, D. Kubiznˇa´k, C. M. Warnick and Y. Yasui,
Class. Quant. Grav., 27 (2010) 185019.
[29] V. P. Frolov and D. Kubiznˇa´k, Class. Quant. Grav., 25
(2008) 154005. .
[30] Y. Yasui and T. Houri, Prog. Theor. Phys. Suppl., 189
(2011) 126-164.
[31] S. Benenti and M. Francaviclia, Gen. Rel. Grav., 10
(1979) 79-92.
[32] T. Oota and Y. Yasui, Phys. Lett., B659 (2008) 688-693.
[33] J. F. Plebanski, Ann. Phys., 90 (1975) 196-255.
[34] J. F. Plebanski and M. Demianski, Ann. Phys., 98 (1976)
98-127.
[35] M. Mars and J. M. M. Senovilla, arXiv:1307.5018
[36] J. B. Griffiths and J. Podolsky, Class. Quant. Grav., 24
(2007) 1687-1690.
[37] J. M. Whittaker, Proc. Roy. Soc. Lond. A, 306 (1968)
1-3.
[38] T. Houri, T. Oota and Y. Yasui, Phys. Lett., B666
(2008) 391-394.
[39] M. Mars and J. M. M. Senovilla, Gen. Rel. Grav., 40
(2008) 2241.
[40] N. Hamamoto, T. Houri, T. Oota and Y. Yasui, J. Phys.,
A40 (2007) F177-F184.
